A simpler treatment is given of the theorems of Dye and Krieger concerning the classification of non-singular ergodic transformations up to orbit equivalence.
Introduction
In ergodic theory, the name of Henry Dye is inextricably linked to the basic result in the theory of orbit equivalence of ergodic measure preserving transformations. This result says that any two such transformations are always orbit equivalent. When the result first appeared it did not attract much attention perhaps because it was part of an investigation into some questions in the theory of von Neumann algebras and the proof was not easy to digest. About a decade later, using the crucial idea of a ratio set, (a concept which again first appeared in the theory of von Neumann algebras) W. Krieger was able to give a far reaching generalization of H. Dye's theorem and classify up to orbit equivalence, all ergodic non singular transformations.
To honor the memory of H. Dye whom we greatly admired, we would like to present our version of these results. It seems to be somewhat simpler than the available treatments and may serve to disseminate these ideas more widely. The first author gave a series of lectures that contained this material in Paris in 1980, mimeographed notes of those lectures have been circulating privately; lectures that the second author gave in Switzerland appeared in [6] . We shall focus here on Dye's theorem and its generalizations, and, assuming that the reader is somewhat familiar with the basic theory of orbit equivalence and the classification into types II 1 , II ∞ , and III, we review it only sketchily and only what we actually need.
The context in which our discussion takes place is that of an ergodic, invertible, non-singular system (X, B, µ, T ). This means that (X, B, µ) is a finite non-atomic measure space, and T is a measurable, invertible transformation on it, such that T µ ∼ µ (i.e., each is absolutely continuous with respect to the other), and T -invariant measurable sets have measure zero or measure one (ergodicity).
DEFINITION:
The systems (X, B, µ, T ) and (X , B , µ , T ) are orbit equivalent if there exists a 1-1 map ψ : X → X which carries B onto B , such that ψµ ∼ µ , and such that for a.e. x ∈ X, ψ maps the T -orbit of x onto the T -orbit of ψ(x).
Another commonly used term is that of the full group of a transformation T , namely the group [T ] of all 1-1 nonsingular transformations S with the property that for all x, S(x) belongs to the T -orbit of x. (Typically, we need to know S only on some measurable subset. If the transformation S is defined only partially, it belongs to the groupoid [ 
In §1 we shall present a proof of Dye's theorem which will serve as a model for the later proofs. In §2 we shall define the ratio set and construct some special measures that will be useful later on. In §3 we will treat the cases of III λ , 0 < λ ≤ 1 while the case of III 0 will be relegated to §4. Some concluding remarks are made in §5. DEFINITION: A ladder L = L({C(j)}, N, S) for a system (X, B, µ, T ) consists of the following data: a) a B-measurable partition {C(j)} N −1 j=0 of X, (we refer to N as the height of the ladder) b) an element S ∈ [T ] which maps C(j) onto C(j +1), j = 0, . . . , N −2.
Dye's Theorem
(For the convenience of having S ∈ [T ] we assume that S maps C(N − 1) onto C(0), this is irrelevant since the mapping is going to be redefined on C(N − 1)) An orbit segment of L is a set of the form {S j (y)} N −1 j=o , y ∈ C(0).
} is a refinement of {C 1 (j)}, with C 2 (0) ⊂ C 1 (0), and S 2 = S 1 on
The definition implies that N 2 is a multiple of N 1 , namely by the number of elements of {C 2 (j)} contained in C 1 (0) (or any C 1 (l)) and that L 2 is obtained from L 1 by constructing in C 1 (0) a ladder of height N 2 /N 1 for the induced transformation T C 1 (0) . The sets {C 2 (j)} contained in C 1 (l) are precisely those for which j ≡ l (mod N 1 ).
2. The ladder set is orbit complete if for almost all x ∈ X and arbitrary (positive) integer M , the orbit segment
Remark:
In an obvious way a ladder set defines an odometer S in the full group of T . (Recall that an odometer, O({d j }, µ), d j > 1 integers, is a dynamical system consisting of the the space of sequences x = {a j }, a j = 0, . . . , d j − 1 with the Borel structure on the product topology, the equivalence relation {a j } ≡ {b j } ⇐⇒ {j : a j = b j } is finite which corresponds to the transformation "adding one", i.e., for x = {a j } denote j 0 the smallest index for which a j = d j − 1, then T x = {a j } where a j = 0 for j < j 0 , a j 0 = a j 0 + 1, and a j = a j for j > j 0 ; and a measure µ for which T is nonsigular.) As an odometer it is a proper factor if the ladder set is not algebra complete. Orbit completeness means that T is also in the full group of S, which says that S and T are orbit equivalent.
The strategy of the proof of Dye's theorem, namely that any two finite measure preserving systems are orbit equivalent is as follows:
Given two measure preserving systems (X, B, µ, T ) and (X , B , µ , T ), both measures assumed finite and normalized to have total mass 1, we shall construct ladder sets {L k } in the first and {L k } in the second, using the same sequence of heights {N k } for both. We shall also make sure that both ladder sets are "algebra complete" as well as "orbit complete". Once we have that, we notice that the natural correspondences θ k between C k (j) and C k (j), j = 0, . . . , N k−1 , are consistent-the subsets of a given C k (j) in {C m (·)} for m > k correspond to the subsets of C k (j) in {C m (·)}. Thus the family {θ k } defines a Boolean set mapping between the σ-algebras generated by the ladder sets. If the ladder sets {L k } and {L k } are both "algebra complete", a well known theorem implies that there exists a point mapping θ : X → X which induces this set mapping.
If both ladder sets are also "orbit complete", the mapping θ actually defines an orbit equivalence between (X, B, µ, T ) and (X , B , µ , T ).
The key tools for the construction of the ladder sets are 1) Rohlin's lemma (stated as lemma 1.1 below).
2) The fact that in an ergodic (probability) measure preserving system (X, B, µ, T ) , a measurable set A can be mapped on another, B, by an element of the full group [T ] if, and clearly only if, µ(A) = µ(B).
Here is Rohlin's basic lemma: 
The lemma is valid for all non-singular systems. If we divide the part of X not covered by ∪T j A into N equal parts B j and find an element S ∈ [T ] which maps B j onto B j+1 and which agrees with T on ∪ N −1 j=0 A, we obtain a ladder (with C(j) = T j A ∪ B j ); the definition of S on C(N − 1) is irrelevant, it needs only map C(N − 1) onto C(0). Moreover, given a positive integer M , we can take N large so that M/N < and for all x ∈ ∪ N −M 0 T j A, that is for all but 2 of the space, the orbit segment
is contained in an orbit segment of our ladder. Suppose now that we are given a ladder L = L({C(j)}, N, S), an integer M and some > 0, and we want to find a refining ladder L 0 = L({C 0 (j)}, N 0 , S 0 ) that will have the property that for all but of the space, the orbit segment {T j x} M j=0 is contained in some orbit segment of L 0 We apply lemma 1.1 with constants N 1 , 1 to the system induced on C(0) and obtain, as above, a ladder L 1 = L({C 1 (j)}, N 1 , S 1 ) in it, such that (for the induced transformation) the orbit segment of length M 1 of most points is contained in some orbit segment of L 1 . We combine the two ladders in the following way:
Remember that S ∈ [T ] so that for every x ∈ X, S(x) = T n(x) (x). If M 1 is large compared with n(x) for all but 1 of the space, and compared with M as well (and 1 is taken small enough), the orbit segment {T j x} M j=0 is in fact contained in some orbit segment of L 0 for most x. Now suppose that we are given a ladder L = L({C(j)}, N, S), a finite partition P = {A l }, and > 0, and we want to find a refining ladder L 0 = L({C 0 (j)}, N 0 , S 0 ) that will -refine P as well, i.e., such that every A l is different from an appropriate union of "rungs" C 0 (j) by less than µ(A l ). This is done by considering the partition P , spanned by S −n P n = 0, . . . , N on C(0), 1 -refining it, with 1 small enough, by a partition {C 1 (j)} into sets of equal measure, and using 2) above defining a ladder L 1 = L({C 1 (j)}, N 1 , S 1 ), for our system induced on C(0). Combining the two ladders as above clearly gives us the desired refining ladder.
Since both properties are preserved under further refinement, we obtain Lemma 1.2. Given a ladder L = L({C(j)}, N, S), an integer M , a poitive and a finite partition P = {A l }, there exists a refining ladder L 0 = L({C 0 (j)}, N 0 , S 0 ) that -refines P and such that for all but of the space, the orbit segment
The final observation we need for the proof of Dye's theorem is trivial in the context of measure preserving systems, less so in the general case.
in the measure preserving systems (X, B, µ, T ) and (X , B , µ , T ) respectively. Assume that N = N , and that
Proof: Divide C (0) into N 0 /N subsets of equal measure, and apply 2) above.
Q E D We shall sometimes refer to the construction of L 0 as copying the refinement L 0 of L.
Proof of Dye's theorem: Given (X, B, µ, T ) and (X , B , µ , T ) , choose finite partitions P k and P k of X resp. X such that ∨P k = B and ∨P k = B . Set M k = k k = 2 −k and construct in (X, B, µ, T ) a ladder L 1 which 1 refines P 1 and such that for all but 1 of the space, the orbit seg-
to obtain L 1 , refine that by lemma 1.2 for P 1 M 1 and 1 to obtain L 2 and copy the refinement to obtain a refine-
and copy the refinement L 3 into (X , B , µ , T ) etc. The ladder sets {L k } and {L k } are clearly both algebra complete and orbit complete, and define an orbit equivalence between (X, B, µ, T ) and (X , B , µ , T ) .
Q E D
There is an immediate extension to type II ∞ , i.e. transformations preserving an infinite, σ-finite, measure. Here one induces on a set of finite measure to get into the situation of Dye's theorem. After applying Dye's theorem we may assume that the two systems are towers (Kakutani's skyscrapers) over the same base. By taking the maximum of the two height functions we see that it suffices to check the following: Lemma 1.4. If T preserves the infinite measure space (X, B, µ) and is ergodic, then for any set A ⊂ X of infinite measure, T is orbit equivalent to T A , the transformation it induces on A.
Proof: Notice first that fact 2) (preceding Lemma 1.1) remains valid for infinite measure spaces. Indeed, for A as above, both it and X can be divided into a countable number of disjoint sets of measure one each, A = ∪A n , X = ∪X n , and we can find S ∈ [T ] which maps A n onto X n . This ensures that there is a measurable function n(x) such that setting Sx = T n(x) x, S maps A onto X in a one to one measure preserving fashion. Clearly S maps the T A -orbit of any x ∈ A into the T -orbit of x in X. On the other hand, for any integer k, S −1 (T k x) is in A, in the T A -orbit of x (which is precisely the intersection of the T -orbit of x with A), and it follows that S maps T A -orbits onto T -orbits.
Q E D
In type III the possibility of mapping any set of positive measure onto the entire space by an element of the full group [T ] yields, by the same argument, that T A and T are always orbit equivalent.
The Ratio Set and Special Measures
For type III transformations (X, B, µ, T ) the key concept in the classification is that of the ratio set, R(T ), a subset of [0, +∞] defined as follows:
r ∈ R(T ) if and only if for every positive set A ∈ B, and > 0 there is a subset B ⊂ A of positive measure and an integer k = 0 such that
At first sight it may seem that R(T ) depends on the measure µ and not only on its equivalence class. However, if ν ∼ µ, we may check condition (ii) on sets A on which dν dµ is close to constant, (and hence dT −k ν/dν and dT −k µ/dµ are almost equal) and see that the two measures do define the same R(T ). It is now clear that R(T ) depends only on the orbit equivalence class of
In particular for ergodic T , and A of positive measure,
A basic fact is that 1 ∈ R(T ) for any conservative T . To check this claim, suppose at first that A = X. Denote
and observe that
If for some 0 , |f n (x) − 1| > 0 for all n = 0, on a set of positive measure, then for all i = j
||
It follows that for a.e. x there are unique p(x), q(x) ∈ Z with
and µ(X) = 1, a contradiction. For general A repeat the argument with T A , the transformation induced by T on A.
In general R(T ) ∩ (0, ∞) is a closed multiplicative semigroup: if r 1 , r 2 are in R(T ) find B 1 ⊂ A that returns under T n 1 and expands the measure by r 1 , then find B 2 ⊂ B 1 that returns to B 1 under T n 2 and expands the measure by r 2 then B 2 returns to A under T n 1 +n 2 and the measure is expanded by r 1 r 2 ). We therefore have the following possibilities for
To see that case (a) does correspond to type II we observe that since
there is a set of positive measure A and a constant c > 0 such that uniformly on A, for all integers n c ≤ dT
It follows that any limit of
give a non trivial measure on A equivalent to µ|A and invariant under T A . Thus T A is of type II 1 , having a finite invariant measure and T is either of type II 1 or II ∞ .
Corresponding to an invariant measure in case (a), we will construct, in case (c), a measure ν such that the only values assumed by
are integral powers of λ. Before doing so we shall establish a technical lemma which captures the real meaning of the fact that a closed interval [a, b] does not intersect the ratio set. Recall our standing assumption of ergodicity; without it each ergodic component can behave differently and the ensuing argument is not valid.
Lemma 2.1. If T is ergodic and R(T
Proof: For each t ∈ [a, b] there is some t and some positive set B t such that
Choose a finite number of
and (shrinking C 2 if necessary)
Consider now a transformation T of type III λ for λ ∈ (0, 1). Apply the lemma to the interval [λe η 1 , e −η 1 ] for some small η 1 , to find a set A 1 on which
We claim that φ n (x) also avoids such intervals between any successive powers of λ. Indeed if φ n (x) were midway between λ N , λ N +1 then since λ −N −1 is in the ratio set we would find, for other points in
is midway between λ and 1. View now the whole space X as a tower over A 1 , and redefine µ on X\A 1 by replacing on the k th level,
by the power of λ nearest to it. The new measure µ 1 is in the interval (λµ, λ −1 µ), and all the Radon -Nikodym derivatives for transitions between points outside of A 1 are powers of λ. We repeat the construction for an arbitrarily small η 2 obtain a new measure,μ 2 whose transitions are (logarithmically) close to powers of λ whithin η 2 . Take a set A of positive measure on which |dµ 1 /dμ 2 − 1| < η 2 , write the space as a tower over A, and multiply µ 2 on X \ A by a {λ n }-valued function ψ so that for µ 2 = ψμ 2 one has dT −k µ 1 /dµ 1 (x) and dT −k µ 2 /dµ 2 (x) close to the same power of λ. µ 2 is as good asμ 2 as far as having its transitions close to powers of λ to whithin η 2 , and one checks that |dµ 2 /dµ 1 − 1| < 2η 1 . Continuing this process with η 3 , η 4 , . . . such that ∞ 1 η i < +∞, we obtain: Proposition 2.2. If (X, B, µ, T ) is ergodic and of type III λ , 0 < λ < 1, there is an equivalent measureμ such that for all n dT −nμ dμ (x) ∈ {λ n : n ∈ Z}.
Remark: One can also limit the values of the Radon-Nikodym derivative
to {λ m } m=−1,0,1 . For type III 0 we can also get a special measure which will be useful later. First apply the lemma to the interval
where m(x) is the least positive integer such that T m(x) (x) ∈ A and
The existence of such an m follows from the fact that 1 ∈ R(T ). If < (1 − δ) 10 then for no power k can
since it changes in small steps and cannot suddenly get to (0, ) or (1/ , ∞). Thus S has an equivalent invariant measureμ on A, and forμ it is clear that
We would like to extendμ to all of X preserving this property. Naively we would simply view X as a tower over A and then redefineμ on X \ A so that the transitions from A to the levels above A are equal to 1. The trouble is that this could lead to an infinite measure and we want to keep working with finite measures. To keep the measure finite we wish to shrink the levels above A. For almost every x ∈ A, knowing the height function over x, i.e. the minimal r ≥ 1 such that T r x ∈ A, we can choose a k so that
This is the local way of saying that 0 ∈ R(T A ). Now defineμ on X\A so that at x,
while on succeeding level T preserves the measure as we move up the column. As a result we get a finite measure, and no new values have been introduced into the Radon -Nikodym cocylce ofμ so that we have established: The following is the analogue of the fact that for a measure preserving transformation if µ(A) = µ(B) then there is an element S in the full group mapping A onto B. Proof: Using the fact that µ is a special measure one sees that there is some set of positive measure A 1 ⊂ A and integer n such that T n (A 1 ) ⊂ B and
Then using the fact that all powers of λ are in the ratio set we find a subset B 1 of T n (A 1 ) and an m such that
Thus we find a subset A 1 ⊂ A, namely T −n (B 1 ) and a power of T , T n+m such that T n+m (A 1 ) ⊂ B and the measure is uniformly expanded by λ K . We repeat the argument on A \ A n and B \ T n+m (A 1 ); and the assumption on the measures µ(A) = λ −K µ(B) shows that we exhaust the measures of both sets simultaneously. Q E D 3 Type III λ , 0 < λ ≤ 1 When the maps T 1 , T 2 are not measure preserving then we encounter an obstacle in attempting to naively carry out the proof of §1. Indeed in general, two transformations of type III are not orbit equivalent since as we saw in the previous section the ratio set gives us an invariant. It is nonetheless instructive to see where the difficulty lies, ignoring for the moment the ratio set. Let us go back to Lemma 1.3, the "copying lemma", which dealt with making new subdivisions in C (0) that mimic what one has in C(0). If S, S are not measure preserving then generally speaking such subdivisions cannot be copied over to C (0) without a great distortion of the measures of corresponding sets which would lead eventually to a singular mapping in the limit. The crucial property of S and S that enables one to "copy" an arbitrary subdivision from C(0) to C (0) is that the distribution of the R -N derivative of S across C(0) should be the same as that of S across C (0). If that is the case (in particular µ(C(0)) = µ (C (0))) then clearly for any subdivision of C(0) into C 0 (j) we can find sets of the same measure C 0 (j) in C (0) so that the distribution of the R-N derivative of S|C 0 (j) is the same as the distribution of the R-N derivative of S |C 0 (j).
Since we will have to keep track of this distribution of R-N derivatives along the whole column of a ladder, it will be convenient to have this information attached to points in the base of the ladder. By a labelled ladder in (X, B, µ, T ) we will now mean a finite partition {C(i), 0 ≤ i ≤ I} of X with maps
and the R-N derivatives of the maps S (i) "combined" to a map from C(0) to R I + defined by
For transformations of type III λ with 0 < λ < 1, if we use the special measures whose existence we established in Proposition 2.2 we can prove the following lemma which will enable us to copy verbatim the proof of §1. 
there exists a labelled ladder in X 2
such that the distribution of D 1 (y) is the same as the distribution of D 2 (y).
Proof: Partition C 1 (0) into countably many sets E 1 (k), k = 1, 2, · · · so that on each E 1 (k),
is constant for all 1 ≤ i ≤ I. Take now an arbitrary partition of X 2 into sets C 2 (i) so that µ 2 (C 2 (i)) = µ 1 (C 1 (i)) for 0 ≤ i ≤ I and partition C 2 (0) into sets E 2 (k) so that µ 2 (E 2 (k)) = µ 1 (E 1 (k) ).
Finally let E 2 (k, i) be a partition of C 2 (i) into sets whose measure satisfies
By our hypothesis the ratio
is a power of λ, and by the basic lemma for special measures that we proved in §2, there is an element
and has constant R-N derivative there. Putting together the S 2 (k, i)'s for k = 1, 2, · · · gives S 2 (i) : C 2 (0) → C 2 (i) and these clearly satisfy the requirements of the lemma.
Q E D Notice that if µ is a special measure for T , of type III λ , then µ restricted to A is also special measure for T A , the induced transformation. With the copying lemma in hand we can now repeat the proof of Dye's theorem ( §1), word for word to establish the following theorem of W. Krieger for λ = 1.
Theorem 3.2:
Any two ergodic transformations of type III λ for 0 < λ ≤ 1 are orbit equivalent.
The corresponding result for type III 1 is just as easy to obtain, but a slight complication ensues because there is no "special measure". For this reason one has to allow for the correspondence to be not exactly measure preserving but only nearly so. On the other hand, up to an arbitrary , we have an even better situation. In fact T being ergodic of type III 1 is equivalent to the statement that for any sets A, B of positive measure and any > 0 there is an element S ∈ [[T ]] such that S : A → B and
Using this one gets a version of the copying lemma with an error that can be made arbitrarily small at any given stage, and the case λ = 1 follows as that of λ < 1.
Type III 0
Here too it will be convenient to use the special measure whose existence was established in §2 namely a measure µ for which dT −1 µ/dµ either equals 1 or is bounded away from 1. On X × R with the product measure dµ × e y dy introduce the transformatioñ
which is measure preserving and commutes with the flow S t (x, y) = (x, y + t). This transformation was introduced by Dorothy Maharam [8] .
Let V denote the space of the ergodic components ofT . Then S t acts on this space and defines the associated flow (also called Krieger flow) of T . It is clear that the associated flow depends only on the equivalence relation defined by T and not on T itself. Also, if a measure ν = ϕµ is used instead of µ, then theT ν thereby defined is isomorphic toT via the map
In other words, the associated flow depends only on the orbit equivalence class of the system. The main result of this section will be that the isomorphism type of this flow is a complete invariant of the orbit equivalence type of III 0 systems. It will be convenient to have an alternate, more concrete description of this flow. Define λ(x) = log min dT −n µ dµ (x) : those n for which
and let T 0 ∈ [T ] be defined by
where m(x) is the smallest positive integer m such that dT −m µ/dµ(x) = 1. Clearly T 0 is not ergodic, since otherwise the range of dT −1 µ/dµ would be in the ratio set of T and we are assuming that T is of type III 0 . Let B 0 denote the σ-algebra of sets in B that are T 0 invariant. Let X 0 denote the factor space X/B 0 , i.e. the space of ergodic components of T 0 . Observe that λ(x) is B 0 measurable and therefore λ(x 0 ) is well defined for x 0 ∈ X 0 . On X 0 define a transformation R by setting Rx 0 equal to the equivalence class of T j x with x ∈ x 0 and
define the flow F t by the standard construction of a flow built under the function λ(x) with base transformation R, that (x, y) flows up the y-coordinate until y = λ(x) and then returns to (Rx, 0).
Example: Let (X, B, µ, T ) be the odometer O({d j }, µ) with d j = 1 + 2 3 j and µ being the product measure µ = ν j where
Thus mappings between digits different from 0 is measure preserving while a change from 0 to another digit in the j th place reduces the measure by a factor of 2 −3 j . The transformation T 0 maps x to the first point in its positive odometer orbit that has zeros in exactly the same places as x does. The space X 0 is the space obtained from X by identifying all the non -zero digits. The possible values for the R-N derivatives are of the form 2 Σ j 3 j with j ∈ {−1, 0, +1}. The reader can easily supply an explicit formula for λ(x) in this example. An elaboration of this example shows explicitly how to get for R any odometer of product type. To see that the two descriptions that we have given for the associated flow are equivalent consider, in our first description, the set
Notice that C is a fundamental domain forT , and that points (x 1 , y 1 ), (x 2 , y 2 ) in C are identified by Ω, the σ-algebra ofT invariant sets, if and only if y 1 = y 2 and x 1 and x 2 are identified by B 0 . Thus we see the second description realized in a concrete fashion in the first; it has an advantage, which we shall use, of being a marked flow, i.e., a flow with a specified cross section.
DEFINITION: A flow given as "a flow under a function", i.e., as a flow with a specified cross-section, will be called a marked flow. An isomorphism between two marked flows will be referred to as a proper isomorphism of marked flows, or simply proper, if it carries the cross section (the base) of the one flow onto the base of the other, and hence the return time (the "function") onto the return time, and the base transformation onto the base transformation.
Our second definition of the flow associated with a system {X, B, µ, T } is a marked flow with base X/B 0 , return function λ and base transformation R, we denote it simply {X/B 0 , λ, R}.
To complete Krieger's classification of III 0 flows we must show that if two systems give rise to isomorphic flows then they are orbit equivalent. Our proof of this fact is done in two stages. The second, which is the main stage, is modelled on our previous proofs of orbit equivalence, and consists of the proof that if the isomorphism of the flows is proper in the sense defined above, then the systems are orbit equivalent. The first stage consists in showing that, given any two systems with isomorphic flows, one can replace each by the system obtained from it by inducing on an appropriate subset of the underlying measure space and replacing the measure by an equivalent one, so that the flows corresponding to the induced systems are "properly isomorphic".
For the first stage we remark that if we consider the transformation T A induced on a subset A ∈ B 0 , (which is orbit equivalent to T since we are in the type III case, see §1), we obtain a flow which is manifestly isomorphic to the original one. In fact the flow corresponding to T A has for its explicit description as a marked flow the picture one gets by replacing all of X/B 0 , as the cross section, by A/B 0 .
Similarly, if we replace the measure µ by e ψ µ with ψ measurable B 0 , 0 ≤ ψ < λ, we change in the (marked) flow only the return function λ, replacing it byλ
which is the return function for the marked flow obtained by replacing the base of the original flow by the cross-section graph(ψ). Combining the two observations we see that the marked flow obtained by replacing the base by a cross-section given as a graph over some A ∈ B 0 , µ(A) > 0, of a B 0 -measurable ψ as above, is the marked flow obtained for the system induced on A for the measure e ψ µ.
An isomorphism ϕ of the flow {X /B 0 , λ , R } associated with a system {X , B , µ , T } onto {X/B 0 , λ, R} carries X /B 0 onto a cross-section S and we can clearly find a set A 0 ⊂ X/B 0 (corresponding to a B 0 -measurable set A ⊂ X of positive measure) and A 0 ⊂ X /B 0 such that ϕA 0 lies over A 0 , i.e. for a non-negative (B 0 -measurable) function ψ < λ, ϕA 0 is the graph of ψ over A 0 . Inducing the systems on A resp. A we obtain the marked flows {A 0 , λ A , R A } and {A 0 , λ A , R A }, and ϕ still carries A 0 onto the graph of ψ over A 0 . Replacing the measure on A by e ψ µ we have that ϕ is a proper isomorphism of the marked flows associated with the induced systems. Since the induced systems are orbit equivalent to the original ones, there is no loss of generality in assuming that the isomorphism of the given flows is proper.
In order to prove that the transformations are orbit equivalent when they give rise to properly isomorphic flows, we carry out a construction that is analoguos to the one in the previous section. There the key technical device was the copying of a ladder in one transformation to a ladder in the other in a measure preserving way and this was possible because of the special measure for III λ , 0 < λ < 1, which guarantees that two sets the ratio of whose measures is a power of λ can be connected by an element of the full groupoid with constant R-N derivative. To formulate the corresponding result here we need one more bit of notation. Recall that X 0 is the identification space of X with respect to the σ-algebra B 0 , and denote by µ x 0 the measures arising in the disintegration of µ over X 0 . For A ∈ B we write
where µ 0 is the projection of µ onto X 0 . For the isomorphic system (X , B , µ , T ) we shall write similarly E A (x 0 ) for A ∈ B , x 0 ∈ X 0 etc. 
Proof: The only non trivial requirement on S is the last condition which is essentially a requirement on the R-N derivative of S . The hypothesis ( * * ) guarantees that at least some piece of positive measure of A can be mapped to a piece of B by an S ∈ [T ] satisfying our requirement. The condition ( * * ) continues to hold on the remainder of the sets so that a standard exhaustion argument completes the proof. Q E D More generally, if we don't assume that (Sx) 0 = R m x 0 for a constant m on all of A, since the m is uniquely determined we get a partition of A into sets A m and SA = B, into B m on each of which the lemma would be applicable, if ( * ) holds and this decomposition is copied over to A and B . If A, B, C, are disjoint and SA = B, SB = C, then if A , B , C are disjoint sets in X with ϕ • E A = E A , ϕ • E B = E B , ϕ • E c = E c then we can first find an S : A → B that copies what S does in going from A to B and then find S : B → C that copies S on bB, and putting the two together we have copied (S, A, B, C) to (S , A , B , C ) provided that the corresponding E A ··· are the same. Repeating this a finite number of times will give the following:
1 a partition of X and SA j = A j+1 for 1 ≤ j < N , and {A j } N , a corresponding partition in the system (X , B , µ , T ) with canonically isomorphic associated flow under ϕ, such that
Then there exists S ∈ [T ] and a measure preserving mapping ψ : A 1 → A 1 such that S A j = A j+1 , 1 ≤ j < N and for all 0 ≤ j < N (S ) j ψS −j is measure preserving from A j+1 to A j+1 .
Proof:
The only new feature in this formulation is the mapping ψ. It is defined arbitrarily on A 1 as an extension of ϕ, i.e. we ensure that
The hypothesis on ϕ • E A 1 = E A 1 guarantees that such a ψ exists, and the further properties of it follow immediately from the fact that Proof: One direction was already established before the preceding discussion. Assuming then that the flows are isomorphic, remaining in the respective orbit equivalence classes we may assume that the preceeding proposition is in force. Construct now a ladder in X that gives a fixed part of the T -orbit for 1 − 1 of the points in X and whose levels give a first approximation to the measurable sets in X. Use the map ϕ to copy this ladder to X . The isomorphism ϕ and equality λ (ϕx 0 ) = λ(x 0 ) ensures us that this is possible. Now apply the proposition to get S and a correspondence ψ which is measure preserving! Next this ladder in X is refined so as to pick up pieces of orbits in X for 1 − 1 of the points of X and so that the levels approximate the measurable sets in X to some fixed precision. In turn this picture is copied back to X. Continuing back and forth in this way the theorem is proven. Since the scheme is identical to the one in §3 the reader who followed that argument should have no difficulty in carrying out this part.
Concluding Remarks
1) Dye's work was not restricted to single transformations, i.e., actions of Z. He considered also the action of general abelian groups and in fact the entire discussion done in §1-4 could have been carried out in that context. The one new ingredient needed is the analogue of Rokhlin's lemma for abelian groups which we did in [5] . The story does not end there but goes on to encompass all amenable groups. Recall that a discrete group G is amenable if there is an invariant mean defined on the bounded functions on G. The classification theory of non-singular actions of amenable groups was completed in [2] , where it is shown that any non-singular action of a discrete amenable group is orbit equivalent to a Z-action. For a fuller discussion of the history of this result we refer to the introduction of [2] , where the connection with von Neumann algebras is also clarified.
2) In our analysis of type III 0 systems we associate with {X, B, µ, T } an ergodic flow and show that two systems are orbit equivalent if, and only if, the associated flows are isomorphic. An additional feature of this correspondence is that all properly ergodic flows arise in this way.
(The adjective "properly" comes to exclude the flow on the circle, i.e., a single closed orbit, which can be viewed as the associated flow of the III λ systems, λ < 1, and the "flow" on a single point which is the associated flow of III 1 .) Given a non-singular marked flow (Z, R, λ) we need to produce a Z-action of type III 0 whose associated flow is the one at hand. It is somewhat easier to construct a Z 2 -action, and since we have already pointed out that Z 2 -actions are orbit equivalent to Z-actions, this is just as good. Let (Y, D, ν, S) be a system of type III 1 . Write
The transformation on Y × R (with the measure ν ⊗ e −t dt) defined by Notice that the two commute and define, therefore, a Z 2 -action on X, which can be described bŷ where ψ n , λ m , ϑ m are the cocycles defined by ψ, λ, and ϑ. We notice that ( * ) dR mŜn (ν ⊗ e −t dt ⊗ µ) d ν ⊗ e −t dt ⊗ µ = e λm(z) and since λ > 0 this is close to 1 only if m = 0. Taking subsets of Z which return to themselves only under high powers of R we see that the ratio set consists of 1 alone, and the action is of type III 0 . The measure preserving part of the full group is spanned by {S n } and thus, to determine X 0 we have to describe the ergodic components ofŜ. SinceŜ acts ergodically on Y × R × z for any fixed z ∈ Z, and leaves each invariant, the ergodic componentes are precisely these sets and X 0 can be identified with Z. Furthermore, the Z 2 equivalence relation on Z is generated by R and (*) shows that the "return time" for the associated flow is precisely λ. Thus the associated flow is (Z, R, λ).
For measure-preserving flows, Jane Hawkins, [3] , gave a construction of a Z-action having the given flow as the associated flow. If the given flow is u t , acting on the space W , and (Y, D, ν, S) and ψ are as above, she defines T : Y × W → Y × W by T (y, w) = (Sy, u ψ(y) w) .
